A coupled approach combining the continuum boundary singularity method (BSM) and the molecular direct simulation Monte Carlo (DSMC) is developed and validated using Taylor-Couette flow and the flow about a single fiber confined between two parallel walls. In the proposed approach, the DSMC is applied to an annular region enclosing the fiber and the BSM is employed in the entire flow domain. The parameters used in the DSMC and the coupling procedure, such as the number of simulated particles, the cell size, and the size of the coupling zone are determined by inspecting the accuracy of pressure drop obtained for the range of Knudsen numbers between zero and unity. The developed approach is used to study flowfield of fibrous filtration flows. It is observed that in the partial-slip flow regime, Kn ≤ 0.25, the results obtained by the proposed coupled BSM-DSMC method match the solution by BSM combined with the heuristic partial-slip boundary conditions. For transition molecular-to-continuum Knudsen numbers, 0.25 < Kn ≤ 1, the difference in pressure drop and velocity between these two approaches is significant. This difference increases with the Knudsen number that confirms the usefulness of coupled continuum and molecular methods in numerical modeling of transition low Reynolds number flows in fibrous filters. 
I. INTRODUCTION
Fibrous filters are used to separate liquid and solid particles as well as live objects from gas and liquid flows. Integral performance of filters has been evaluated in terms of capturing efficiency and pressure drop.
1, 2 So-called cell models for predicting the capturing efficiency and/or pressure drop of fibrous media were developed for the continuum no-slip and partial-slip flow regimes. 1, [3] [4] [5] [6] [7] Nevertheless, detailed models of flow field in filters are needed, for example, to predict the position of the adsorbed particles within the multi-diameter non-structured fiber web. 8 A detailed model of flow field is important to predict fouling and caking that can render the filter ineffective. 9 In order to group particles according to their size range, a promising lateral displacement technique with staggered fibers 10, 11 need to be modeled to ensure separation of particles by their flow paths. Development of these models is especially important in transitional continuum to molecular flow regime, in which neither continuum nor free molecular flow field assumptions are valid.
The setup of the fiber filtration problem considered in the current study is shown in Fig. 1 . A similar setup of fibers has been used for experimental studies of filtration flows. 12 Quantitative values of parameters of multi-fiber setup shown in Fig. 1 including packing factor of fibers, α, are presented in Sec. IV A.
Most of prior studies regarding filtration gas flows in the continuum regime assume no-slip boundary conditions (BC) that correspond to Kn ≤ 0.01. Here, Kn is the Knudsen number defined as the ratio of molecular mean-free path to the fiber radius. 1, 13 Recent practical interest to capturing micrometer and nano-meter scale particles calls for investigation of higher Kn numbers flows in filtration setting. This study is focused on the development of combined continuum approach based on boundary singularity method (BSM) and molecular approach to flows with Knudsen numbers 0.01 ≤ Kn ≤ 1, and to analysis of flows about single and multiple fibers using the developed methodology. Typical filter geometry ( Fig. 1 ) has relatively low packing factor of fibers and the size of filter is of order of magnitude larger than the fiber radius (see Sec. IV A for details). While the value of Kn based on fiber radius can be of order of unity, the value of Kn based on filter size is of order of magnitude smaller. The goal of the current study is to develop and apply methodology that combines molecular approach at individual fibers' scale and continuum approach at the filter scale. The coupling technique of continuum BSM and molecular Direct Simulation Monte Carlo (DSMC) will be proposed and validated for Kn ≤ 1 using test cases such as the Taylor-Couette flow between two cylinders and flow about single fiber in confined space and then applied to study flows about sets of fibers. Parameters of the coupling scheme including the thickness of the interface zone, needed number of couplings between BSM and DSMC and the number of simulated particles will be established by numerical experiments.
For micro-scale fibrous filters, the flow is usually considered as incompressible due to the low pressure drop across a filter. The associated Reynolds number based on fiber diameter is commonly below unity so that the Stokes approximation can be used for filtration flows. 1 The efficient technique to solve the Stokes equations in arbitrary complex geometry is the BSM, which does not require meshing of flow domain but only need to place the BSM singularities at the domain boundaries. The BSM has been successfully applied to a number of two-and three-dimensional Stokes flows in the continuum flow regime, such as cavity flows, 14 flows caused by the motion of solid particles, 15, 16 spiral swimming flows, 17, 18 and movement of spherical particles in capillaries. 19 In recent papers by Zhao and Povitsky, [20] [21] [22] the BSM has been extended to two-and three-dimensional partial-slip flows and successfully applied to fibrous filtration flows in partial-slip regime. 22 For micro-and nano-flows, the continuum hypothesis and assumption of no-slip boundary condition are no longer valid near solid fibers. 13 Efforts have been made to model flows at Kn > 0.01 by using the DSMC and Molecular Dynamics (MD) approaches. The deterministic MD method is valid in principle for all the flow regimes. However, the MD is extremely computationally expensive since it involves all molecular and atomic interactions of molecules in considered computational domain. Thus, this study adopts the computationally efficient DSMC, a stochastic approach for molecular-level modeling of gas flows.
The DSMC method, first developed for rarefied gas flows, 23, 24 is a particle simulation method based on kinetic theory. The DSMC solves the dynamics of ensemble of molecules by tracking a representative set of particles, where each simulated particle represents millions of molecules. 23, 25 In frame of DSMC, the particles motions are modeled deterministically, while the collisions among molecules are treated statistically as collisions between representative particles. The DSMC has been used widely and successfully in high-speed flow simulations for rarefied gas flow applications. 23, 26 It also has been used to model micro-scale slider air bearing problems. 27, 28 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation. The DSMC is very computationally intensive compared to the solution of continuum conservation laws equations. Coupled continuum and molecular modeling require less computational resources and are still accurate when the modeled flow domain can be split on continuum and rarefied sub-domains. [29] [30] [31] [32] Various hybrid methods have been developed for steady and unsteady flows, which includes the Navier-Stokes equations coupled with the DSMC method 29 or Boltzmann equations, 33 the Euler equations coupled with the DSMC, 32 and the Stokes equations combined with the DSMC. 31 In the above references, finite volume discretization techniques were used for continuum equations whereas the boundary singularity method has not been combined yet with molecular approach. The advantages of boundary singularity method compared to finite volume discretization and reduction in number of grid nodes and easiness of grid generation limited to surface of fibers. These advantages are important for fiber filters with irregular and/or dynamically adjusting fiber structure with varying diameters of fibers because finite-volume mesh generation is very difficult in these cases.
Accurate description of boundary conditions for flow about micro-and nano-fibers calls for molecular level model of slipping layer of fluid surrounding fibers. In the proposed approach, the DSMC is used in the sub-domain adjacent to fiber and the entire domain is presented by the continuum BSM (see Fig. 2 ). The cylindrical DSMC area encompasses each individual fiber and does need to conform to the bounding geometry of filter. At the interface between the molecular and continuum models, fluid flow variables or fluxes of mass, momentum, and energy should be matched to link the continuum and molecular models. Different coupling strategies have been employed in literature, such as a weakly coupled scheme, for which a continuum solution on the entire computational domain provides a boundary condition for a particle method, and overlapping coupling, for which a local molecular method provides a boundary condition for a global continuum scheme. 34 However, the coupling of molecular and boundary singularity methods has not been proposed yet that limits the application of BSM to transition continuum-molecular flows. In the current study, a coupled method of BSM and DSMC is developed and applied to filtration flows in the transition flow regime.
In literature, the major coupling problem was matching pressure between molecular and continuum solvers. 31 The proposed BSM-DSMC does not need to couple pressure explicitly because the linear system (1) for unknown strength of Stokeslets has velocities at collocation points at solidfluid boundary in the right-hand side while pressure is not included in system (1). In the current study, the coupling between BSM and DSMC is established by values of velocities. This coupling procedure will be validated in terms of convergence to known solutions, accuracy, and absence on non-physical solution oscillations. Parameters of the coupled method are selected to minimize needed computational resources.
Using the developed coupled BSM-DSMC procedure, the pressure and velocity field will be obtained for partial slip and transition regimes for filter shown in Fig. 1 . The difference in computational results between the proposed coupled BSM-DSMC and BSM with heuristic partial slip boundary conditions will be evaluated as a function of Knudsen number. The paper is set up as follows. In Sec. II, the BSM and DSMC procedures are outlined and applied as two isolated methods to the Taylor-Couette flow in the partial-slip regime. Solutions obtained by BSM and DSMC will be compared to analytical solution of the Taylor-Couette flow. In Sec. III, the coupled method of BSM and DSMC is proposed. The proposed method is implemented and validated using flow about a single fiber in confined space. The governing parameters for the DSMC and for the coupling procedure are obtained to ensure numerical stability, convergence, and accuracy. In Sec. IV, flows through set of fibers ( Fig. 1 ) are studied by applying the coupled method. Computational savings are estimated as a function of parameters of filter and flow.
II. CONTINUUM AND MOLECULAR METHODS USED
In this section, the BSM and DSMC procedures are introduced and validated using analytical solution for steady two-dimensional Taylor-Couette flow between two infinite concentric cylinders. For Taylor-Couette flow ( Fig. 3(a) ), the inner cylinder is at rest and the outer one rotates at a given speed. The BSM and the DSMC are applied separately to solve the Taylor-Couette flow in the partial slip flow regime. A good agreement is observed between the numerical results obtained by these two methods and analytical solution of Taylor-Couette flow.
A. Boundary singularity method
The BSM solution is obtained by superposing the fundamental solutions to the Stokes equations. In this study, Stokeslets are taken as fundamental solutions. The unknown strength of Stokeslets is obtained by solving a system of linear equations formed by enforcing the solution to satisfy boundary conditions at collocation points located at fibers' surface. 35 Unlike other boundary element methods, which are based on the integral representations of governing equations and require a continuous surface distribution of singularities and the computation of the singular single-layer and double-layer integrals, the BSM involves only a point-wise distribution of singularities and thus simplifies the computations. A systematic study of the BSM for two-and three-dimensional partial slip flows was presented in Refs. 20-22. For two-dimensional Stokes flows, the governing equation for a set of Stokeslets with unknown strengths 36 is given as
where F (F (1) , F (2) ) is the Stokeslet composed of scalar components F (1) and F (2) , μ is the fluid viscosity, k = 1,2 in two-dimensional cases, r i j = (x j − x i , y j − y i ) is the vector directed from the Stokeslet to the collocation point located at boundary, and | r i j | is the distance between the collocation point, j, and the Stokeslet, i. The Einstein summation rule applies to superscript m = 1, 2.
The pressure field induced by a single Stokeslet, i, can be expressed as
The pressure at a point caused by superposition of N Stokeslets can be expressed as summation in the right-hand sides of Eq. (2) corresponding to individual Stokeslets.
In the partial slip flow regime, a so-called Knudsen molecular layer (layer of fluid slipping with respect to the solid boundary) near solid-fluid interfaces is formed. The velocity field within the narrow Knudsen layer cannot be analyzed using the continuum Stokes equations or Navier-Stokes equations. However, heuristic slip models such as Maxwell's first-order velocity slip can be used at relatively low values of the Kn number. This helps to avoid computationally expensive solution of molecular-level equations such as Boltzmann equation. Partial-slip and no-penetrating BC at the rigid surfaces in the cylindrical coordinate system are given as
where c = Kn a is the coefficient determining the degree of partial slip in the boundary condition, Kn is the Knudsen number, a is the radius of cylinder, u sθ and u sr are the θ and r components of the solid boundary velocity. Fully diffuse reflection of gas molecules at wall (tangential momentum accommodation coefficient is equal to unity) is assumed in the current study. Velocity components u sθ and u sr are equal to zero for stationary rigid surfaces assumed in this study. In the limit case Kn = 0 and c = 0, the partial-slip BC (3) reduce to no-slip BC.
The solution procedure to find flow field by BSM is described as follows: by substituting derivatives of velocity (see Eq. (1) for velocity) into boundary conditions (3), a system of linear equations is formed. The strength of the Stokeslets F i is obtained by solving this system. The velocity and pressure in the flow domain is then calculated straightforwardly by using Eqs. (1) and (2) with corresponding values of vectors r, directed from Stokeslets to any point in the flow domain. See Refs. 20-22 for details.
B. Direct simulation Monte Carlo method
In the DSMC, the real molecules are represented by a much smaller amount of simulated particles. The adopted DSMC consists of five steps: 23 (1) initialization; (2) computation displacement of simulated particles after time step t; (3) indexing and cross-referencing simulated particles; (4) prediction of after-collision velocities of simulated particles; and (5) sampling the simulated particles to obtain macroscopic properties of the flow.
The first step is the initialization procedure, which defines fluid properties, the cell size, the ratio of the number of simulated particles to that of real molecules, and the number of simulated particles per cell.
The properties of the gas used in the current study are presented in Table I . The number density n = p κ T , where κ is the Boltzmann constant. The density ρ is then calculated as ρ = nm. The mean free path, λ is calculated by Ref. 23 as follows:
where T s is the stream temperature. Values of parameters in the right-hand side of Eq. (4) are shown in Table I . A sufficient number of simulated particles per computational cell must be maintained to ensure accuracy. The optimum number of simulated particles is a tradeoff between accuracy and computational cost. This number is problem-specific 27, 37-42 and will be obtained for the cases considered in Secs. II C, III, and IV.
The number of simulated particles n p = ρ p V d , where ρ p is the density of the simulated particles and V d is the volume of the DSMC sub-domain. The value of V d is the product of the cross-sectional DSMC area (see Fig. 2 ), π R d (2a + R d ) and the length of the DSMC computational domain along fiber. In the current study, the fibers are assumed to be of infinite length, that is, end fiber effects are neglected. The length of the DSMC zone along fiber was set to be equal to the fiber radius, a. The number of simulated particles per cell is then determined by the cell size and ρ p .
The discretization of the DSMC computational sub-domain is then performed (see Fig. 2 ). The cell size is set to be r = C c λ, where the parameter C c ranges from 0.1 to 0.9. The number of cells in the r direction is given by N r = R d / r. The number of cells in the θ direction is determined by the perimeter of the middle circle with its radius a+R d /2 so as N θ = 2π (a +
The initial position and velocity of the simulated DSMC particles are assigned cell by cell. A simulated particle is randomly located within the cell to which it was assigned. The initial velocity distribution is taken as the Maxwell velocity distribution. 23 The second DSMC step is the tracking of motion of simulated particles, which determines the new locations of the simulated particles after a time step deterministically. The time step t = 0.25 r / c m , where c m is the most probable molecular speed. The time step is chosen so that it would take a typical particle with the most probable speed several time steps to traverse a cell. 28, 43 At this step, the interactions of simulated particles with walls and the entrance/exit boundary conditions must be considered. The diffuse reflection model is used in the current study. The diffuse reflection model is a fair approximation if the solid surface is not precisely processed and is maintained at room temperature. 44 The particle's velocity after collision with domain boundary is reset randomly by a biased Maxwellian distribution. 23 When a simulated particle hits a wall, the computational procedure is set up as follows: first, the interaction point at the wall is found; second, the time for the simulated particle to reach the interaction point, t , is calculated; third, the new velocity components after reflection are computed; finally, the new location of the simulated particle after traveling with the new velocity during the time interval ( t − t ) is obtained.
The boundary conditions need to be enforced if the new location of a simulated particle is out of the computational domain. When a particle leaves the DSMC domain, a new particle is generated and enters a cell randomly selected from the cells along the boundary through which the previous particle exits.
The third DSMC step is to index and cross-reference the particles. At the end of each time step, a simulated particle might not be in the same sub-cell or cell. Particles' collisions are calculated cell by cell; therefore, the cross-referencing process is needed to indicate which particles are contained in a cell. The DSMC requires indexing to indicate the cell to which a particle does belong.
The fourth DSMC step is modeling the collisions of simulated particle, which is a statistical procedure. The time-counter (TC) method for the particle collision procedure was introduced in Ref. 23 , which has a computation time directly proportional to the square of the total number of particles. To improve the efficiency of the TC method, a number of schemes were proposed 23, 45, 46 including the no-time-counter method (NTC) 47 which has a computational time proportional to the total number of particles.
The NTC procedure is adopted in the current study to obtain post-collision DSMC velocities. The NTC procedure is used together with the sub-cell technique. The sub-cell method further restricts particle collisions from cell to sub-cell to improve accuracy without significant computational cost. To determine the post-collision velocities of two simulated particles, a number of models have been proposed. 23 The Variable Hard Sphere (VHS) model includes the potential force of the inverse power law so that the collision cross-section varies with the relative velocity of two particles. 44 The VHS model removes deficiency in the basic hard sphere model and retains the simplicity of implementation. 13 The last main DSMC step is the sampling of the flow field to obtain the representative macroscopic properties at the center of each cell. For steady flows, the sampling process usually starts after thousands time steps to ensure that the flow reaches the steady state. 42 The flow properties are sampled for each cell every several time steps and the desired steady result is a time average of all the sampled values. In the current study, the sampling process starts after 2000 time steps and does the sampling every two time steps thereafter. The sampling process continues until a prescribed tolerance is reached.
C. BSM and DSMC for low-Reynolds-number Taylor-Couette flow
The flow confined in the gap between two concentric rotating cylinders is solved numerically by continuum BSM and by molecular DSMC to illustrate the applicability of the components of proposed methodology to partial-slip interior flows. The inner cylinder is at rest and the outer cylinder rotates counter-clockwise with the tangential rotational velocity equal to U (see Fig. 3(a) ). The center of the two concentric cylinders is located at the origin.
The analytical solution of the considered Taylor-Couette flow can be written as
where
a is the radius of the inner cylinder, b is the radius of the outer cylinder, and c = aKn (Eq. (3)) is the slip coefficient. For no-slip flows, c = 0 and the coefficients A and B reduce to the ones presented in Ref. 48 . For a = 1, the value of parameter c is equal to Kn. In the current computations, the thickness of the annulus between the two cylinders (a = 1 and b = 1.4) is equal to 0.4, the mean free path λ = 0.04, and therefore, Kn = 0.1. For instance, the value of slip velocity at inner cylinder surface computed by above formulae is 0.187. In the BSM computations, Stokeslets are located outside the flow domain (see Fig. 3(b) ) to avoid singularities at collocation points. 22 The number of Stokeslets used for the inner cylinder is equal to 20. For the outer cylinder, the number of Stokeslets is approximately equal to 28 = 20b / a. The radii of circles, at which Stokeslets located, are 0.8a for the inner cylinder and 2.66b for the outer cylinder (see Fig. 3(b) ).
The DSMC procedure for the considered Taylor-Couette flow is tested by varying the number of simulated particles per cell and cell size. It is shown in Fig. 4 (a) that 7.5 simulated particles per cell of the size of 0.5λ is sufficient. Fig. 4(b) indicates that the cell size could vary from 0.3λ to 0.9λ without substantially alternating DSMC results. Fig. 4 (c) presents numerical results obtained from BSM and DSMC for Kn = 0.1. If n p = 7.5, the BSM and DSMC results agree well with the analytical solution of the Taylor-Couette flow presented above (see Fig. 4(c) ). 
III. COUPLING OF BSM AND DSMC AND APPLICATION OF COUPLED BSM-DSMC TO FLOW ABOUT A FIBER
In this section, the hybrid method of BSM and DSMC is proposed and validated using flow about a single fiber in confined space as a benchmark. Since the BSM is established and validated in Sec. II A, the numerical results by hybrid BSM-DSMC are compared with those obtained by BSM with partial-slip boundary conditions (3), which are adequate for Kn = 0.1.
A. The coupling of BSM and DSMC
The idea of the coupling is to use the DSMC method to generate more physically accurate boundary conditions for the BSM since the heuristic partial-slip boundary conditions are no longer valid for filtration flows in the transition regime (Kn > 0.25). For this purpose, the DSMC is applied to an annular region enclosing the cylinder (fiber) and the BSM is employed to the entire flow domain (see Fig. 5(a) ). To initiate the coupling process, the BSM is used to provide the DSMC with the boundary conditions at the outermost layer (the outer shadowed area in Fig. 5(a) ). This approach represents a variant of the Schwarz alternating method to find the solution on a domain which is the union of two overlapping sub-domains. Matching of boundary conditions between molecular and continuum methods were employed by Refs. 49-51 in which for continuum sub-domain the Navier-Stokes finite-volume solver was used and for molecular sub-domain MD solver was adopted.
Once the DSMC computations are completed, the velocities at the centers of the innermost layer of cells (the inner shadowed area in Fig. 5(a) ) are used as the boundary conditions for the BSM. The BSM and DSMC are coupled after every BSM and DSMC iteration until a prescribed tolerance is reached.
At the outer boundary of DSMC domain, velocity field is assumed continuous and the DSMC velocity at the outer boundary is sampled stochastically around mean BSM velocity. As in Ref. 31 , only Dirichlet-Dirichlet type boundary conditions are employed to avoid matching of estimated derivatives of flow quantities.
B. Application of coupled BSM-DSMC to flow about a fiber
A flow about a fiber confined with two parallel walls (see Fig. 5(b) ) is used as the simplified model for multi-fiber fibrous filtration flows (see Fig. 1 and Sec. III C). The origin of the Cartesian coordinates is at the fiber center. The x axis is directed right and the y axis is directed upward. The distance between walls, D = π / c p f a where c pf = 2.5% is the packing factor. The value of packing factor is the same as that used in Sec. IV A for flow past multiple fibers.
The effect of the number density of simulated particles, thickness of the DSMC area, and the cell size on the pressure drop is investigated in this section. The proper values of these parameters are then chosen for computations of flow past multiple fibers in Sec. III C. Study of the slip velocity (Sec. III D) shows that in the transition flow regime (Kn > 0.25) the BSM with heuristic partial-slip boundary conditions are no longer accurate.
C. Selection of computational parameters of BSM-DSMC procedure
In this section, the computational parameters of combined BSM and DSMC are obtained as detailed below. The computational configuration is selected as follows: the thickness of the DSMC area is 3λ; the density of simulated particles ρ p = 3000, corresponding to 7.5 simulated particles in a square cell with a size of 0.5λ.
With the other parameters unchanged, the pressure drop with respect to the number of coupling for various number densities of simulated particles is presented in Fig. 6(a) . The pressure drop is calculated as p =p 2 −p 1 , where cross-section averagedp 1 andp 2 are obtained at y 1 = −D/2 and y 2 = D/2, respectively. In Fig. 6 , zero number of couplings corresponds to the results from pure BSM combined with the heuristic partial-slip boundary conditions.
It is found that the pressure drop obtained from the hybrid BSM-DSMC deviates no more than 2% from the one obtained by the BSM. This suggests that the BSM and the hybrid method agree well at Kn = 0.1. The pressure drop varies less than 2% with respect to the number of BSM-DSMC couplings (Fig. 6(b) ).
The pressure drop after the third coupling with respect to ρ p is shown in Fig. 6(c) . Note that the case with ρ p = 1000 corresponds to 2.5 simulated particle in a square cell with its size of 0.5λ. The graph is near-flat for ρ p ≥ 1000 that confirms that the pressure drop converges with ρ p .
For ρ p = 3000, the pressure drop variation is evaluated in terms of the size of the DSMC sub-domain and appears to be within 2% (see Fig. 6(c) ). The results shown in Figs. 6(b) and 6(c) indicate that it would be sufficient to set the thickness of the DSMC sub-domain as three times the mean free path.
Having ρ p = 3000 and the thickness of the DSMC area equal to 3λ, coupled BSM-DSMC computations are conducted to access the influence of cell size on pressure drop. The cell size is r = C c λ, where C c ranges from 0.1 to 0.9 with the increment of 0.2 and r is rounded to have integer N r (see Table II ). When the results are plotted, the actual value of r is used (see Table II and Fig. 6(d) ). As shown in Fig. 6(d) , when the pre-set r = 0.1λ, pressure drop deviates from those obtained from the previous calculations with bigger r (compare Figs. 6(a) and 6(d) ). This is probably caused by the insufficient number of particles in a cell. With a reduced number of particles in each cell, the sampled properties of particles might not be adequate to represent the macroscopic properties at the cell center. With the increase in cell size, the obtained pressure drop is almost constant until r = 0.7λ. Considering that the cell size suggested in Ref. 23 is less than mean free path λ and may be as low as 1/3 λ, the pre-set cell size is chosen to be 0.5λ.
D. Numerical results for flows about a single fiber at higher Kn
The coupled BSM-DSMC procedure with parameters chosen in Sec. III C is applied to flow about single fiber in transition molecular-to-continuum regime with Knudsen numbers of 0.5 and 1.0. The effects of number of couplings between DSMC and BSM and the size of DSMC zone are evaluated for these values of Kn. Table III . The difference between the pressure drop after the second coupling and the first one is below 2%. Thus, one coupling of BSM and DSMC is chosen for the following computations.
To evaluate the effect of the radius of DSMC zone for Kn = 0.5 and Kn = 1.0, the computations by the BSM-DSMC methods were conducted for the DSMC zone size ranging from 3λ to 9λ (see Fig. 8 ). Variations of pressure drop with the size of DSMC zone are comparable to that for Kn = 0.1 (see Figs. 6 (b) and 6(c)), therefore, the DSMC zone radius of 3λ is used. The profiles of velocity components for the BSM with heuristic partial slip boundary conditions (3) and the coupled BSM-DSMC are presented in Fig. 9 . It is observed that the difference between velocity profiles obtained by the BSM and by the BSM-DSMC increases significantly with the increase in Knudsen number. The absolute value of the slip velocity predicted by the coupled method increases with the increase in the Knudsen number and is substantially lower than that obtained by the BSM with the first-order partial-slip heuristic boundary conditions (3). The difference in velocity obtained by these methods is not only noticeable at the fiber surface (Figs. 9(a) , 9(c), and 9(e)), but also present in the flow domain farther from the fiber surface (Figs. 9(b), 9(d), and 9(f)).
IV. COUPLED BSM-DSMC APPLIED TO FLOW PAST MULTIPLE FIBERS

A. Setup of multiple fibers
The BSM-DSMC with parameters selected in Sec. III D is applied to multi-fiber problem depicted in Fig. 1 , where a setup of 4 × 8 fibers is chosen and the packing factor is selected c p f = 2.5% as in experiments. 12 The value of distance between centers of neighboring fibers α is calculated as α = π / c p f ≈ 11.21. The distance between the leftmost and rightmost columns of fibers and filter walls is selected as γ = α / 2. A similar geometry setup has been used for experiments 12 for no-slip filtration flows and numerical simulations of partial-slip filtration flows. 22 For considered multi-fiber filtration, the pressure drop is calculated as p = (p 2 −p 1 )/ (N row − 2), where N row is the number of rows of fibers,p 1 andp 2 are the average pressures at two horizontal cross-sections with their y coordinates y 1 and y 2 , Here, y = y 1 is the cross-section in the middle between the bottom row of cylinders and the next-to-bottom row, and y = y 2 is the cross-section in the middle between the top row of cylinders and the next-to-top row.
The efficiency of coupled BSM-DSMC versus isolated DSMC for the entire multi-fiber problem is evaluated below. The computational time can be evaluated as being proportional to area covered by DSMC domain because the number of tracked DSMC particles is proportional to computational area and, by using NTC, the number of computed collisions is proportional to number of particles (see Sec. II B). By this estimate, computational time for the full DSMC is given by T o ∼ π a 2 (
where π a 2 is the fiber cross-section, and C pf , %, is a packing fraction. For the proposed coupled method with the thickness of DSMC zone equal to 3λ, the computational time T ∼ π ((a + 3λ) 2 − a 2 ). The BSM takes only fraction of DSMC time and can be neglected in this estimate. Consequently,
. This ratio assumes that the convergence rate for pure DSMC is the same as that for smaller number of DSMC particles associated with the proposed method. Therefore, above evaluation is the lower bound of efficiency of the proposed BSM-DSMC. For Kn = 1 and C pf = 2.5%, this ratio is 2.6 while for Kn = 0.5 the ratio is 7.43. One can solve equation T/T o = 1 to determine the critical value of Kn for a given C pf .
Recall that the BSM does not require volume grid generation. Use of DSMC at near-fiber area requires simple cylindrical DSMC cells (see Fig. 2 ). Thus, time-consuming grid generation process for multi-fiber geometry is avoided by using proposed BSM-DSMC.
In a more broad sense, for multi-diameter micro-and nano-fiber filters only small fraction of domain surrounding nano-fibers need to be computed by DSMC so the proposed method is much more efficient than the full DSMC. Furthermore, the combination of DSMC and BSM is applicable for Stokes flow past a porous body where the external flow is governed by the Stokes equations while the flow through porous body, which occupies only fraction of domain, is computed by DSMC.
B. Numerical results for multi-fiber flows at various Knudsen numbers
The obtained pressure drop (see the beginning of Sec. IV) is presented in Fig. 10 for Kn = 0.1, 0.25, 0.5, 0.75, and 1. It is observed that the relative difference between the pressure drop obtained by the BSM and the hybrid method is more prominent at higher Knudsen numbers. For Kn ≤ 0.25, the increase in pressure drop between the BSM with heuristic boundary conditions and the hybrid method is less than 10% (see the dashed 10%-line in Fig. 11) .
The pressure contours for Kn = 0.1, 0.5, and 1.0 are presented in Fig. 11 . For Kn = 0.1, the pressure contours obtained by the hybrid method and by the BSM are similar. With the increase of the Knudsen number, the difference between the results from the two methods becomes larger (see Figs. 11(c)-11(f) ). This finding verify that the BSM combined with the first-order partial-slip boundary conditions could be applied to flows with a Knudsen number up to 0.25. On the contrary, for Kn ≥ 0.75, the difference in pressure drop is close to 20% (see Fig. 10 and Figs. 11(e) and 11(f) ). A study of Poiseuille flow by using both continuum modeling with partial-slip heuristic boundary conditions and molecular method is presented in Ref. 13 to show that the continuum modeling gives a lower shear stress at the wall for higher Knudsen number flows. In turn, this variation in drag affects the pressure drop.
V. CONCLUSIONS
Continuum BSM and the molecular DSMC method are coupled to model filtration flows in the transition molecular-to-continuum regime. The DSMC is applied to the areas surrounding individual fibers while BSM is applied to entire domain. The slip velocity boundary conditions for BSM are computed by DSMC and sampled at the fibers' surface. In turn, boundary conditions for DSMC at the outer boundary of DSMC zone are taken from BSM solution.
For validation purpose, the proposed hybrid BSM-DSMC method is applied to Taylor-Couette flow and to flow about a single fiber confined between two planar walls. The pressure and flow velocity variables are quantified for the range of Knudsen numbers in partial slip and transition regimes.
Parameters of the coupled BSM and DSMC are optimized to ensure numerical accuracy, convergence, and stability with the minimum amount of needed computational resources. The thickness of the DSMC region, the number of simulated particles in DSMC, and the cell size for the DSMC procedure are determined. It is shown that one coupling between the BSM and DSMC is sufficient to obtain accurate numerical results.
The proposed coupled BSM-DSMC is applied to compute flow field in filter with multiple fibers. When the Knudsen number is less than 0.25, the obtained numerical results show less than 10% of difference in pressure drop between the BSM with heuristic partial slip boundary condition and proposed coupled BSM-DSMC method. With the increase in Knudsen number, the difference between results obtained by these two methods becomes more noticeable. If Kn = 1, the difference in pressure drop reaches 20% per row. The computed slip flow velocity at fibers' surface differs as much as 3-5 times between coupled BSM-DSMC and BSM with heuristic slip boundary condition. The angular distribution of slip velocity at Kn = 0.5 and Kn = 1 is significantly more uniform if the coupled BSM-DSMC method is applied. The noticeable difference in magnitude of flow speed between two methods is observed in the fiber mat at distance of up to five radii apart of fibers' surface. This confirms the practical need to account for details of flow slipping layer by using the coupled BSM-DSMC.
